Abstract. Given a bounded domain Ω in R 2 , we investigate the scalar Chern-Simons equation
Introduction and main results
In this paper we investigate a question concerning convergence and stability of solutions of the scalar Chern-Simons problem (1.1) −∆u + e u (e u − 1) = µ in Ω,
where Ω ⊂ R 2 is a smooth bounded domain and µ is a finite Borel measure -equivalently a Radon measure -in Ω. By a solution of (1.1), we mean a function u ∈ W 1,1 0 (Ω) such that e u (e u − 1) ∈ L 1 (Ω) and satisfying the equation in the sense of distributions.
Using for instance a minimization argument in W 1,2 0 (Ω), one shows that the scalar Chern-Simons equation always has a solution with datum µ ∈ L p (Ω) for any 1 < p ≤ ∞ [14, Chapter 2] . Existence in the case of datum µ ∈ L 1 (Ω) can be obtained by approximation using L ∞ data [5, Corollary 12; 14, Chapter 3] .
The case of nonlinear Dirichlet problems with measure data is more subtle. This issue has been discovered by Bénilan and Brezis [2] [3] [4] in a pioneering work concerning polynomial nonlinearities in dimension greater than 2.
The case of exponential nonlinearities in dimension 2 has been investigated by Vázquez [17] . For instance, if µ = αδ a for some a ∈ Ω, then for every α > 2π the Dirichlet problem (1.1) has no solution with datum µ. The counterexample above gives the only possible obstruction in the case of exponential nonlinearities: µ is a good measure -that is the Dirichlet problem (1.1) has a solution -if and only if for every x ∈ Ω, We want to understand what happens when one forces the Dirichlet problem to have a solution when no solution is available. For instance, if µ is a measure for which (1.1) has no solution, then one could approximate µ by a sequence (ρ n * µ) n∈N of convolutions of µ -for which we know the Dirichlet problem has a solution -and then investigate the limit of the sequence of solutions (u n ) n∈N .
This program has been proposed and implemented by Brezis, Marcus and Ponce [6] in the case where µ is approximated via convolution. They have proved that for any sequence of nonnegative mollifiers (ρ n ) n∈N , if u n satisfies −∆u n + e un (e un − 1) = ρ n * µ in Ω, u n = 0 on ∂Ω, then the sequence (u n ) n∈N converges in L 1 (Ω) to the largest subsolution u * of the scalar Chern-Simons problem with datum µ [6, Theorem 4.11].
The result in [6] concerns more general convex nonlinearities and holds in any dimension, but strongly relies on the fact that the approximating sequence (ρ n * µ) n∈N is constructed via convolution of µ [6, Example 4.1].
Our first result shows that for the Chern-Simons equation the conclusion of Brezis, Marcus and Ponce is always true regardless of the sequences of functions -or even measures -(µ n ) n∈N converging to µ. Theorem 1.1. Let (µ n ) n∈N be a nonnegative sequence of measures in Ω such that for every n ∈ N and for every x ∈ Ω, µ n ({x}) ≤ 2π and let u n satisfy the scalar Chern-Simons problem −∆u n + e un (e un − 1) = µ n in Ω,
If the sequence (µ n ) n∈N converges to a measure µ in the sense of measures in Ω, then the sequence (u n ) n∈N converges in L 1 (Ω) to the solution of the scalar Chern-Simons problem with datum µ # , where µ # is the largest measure less than or equal to µ such that for every x ∈ Ω,
A sequence (µ n ) n∈N converges weakly to µ in the sense of measures in Ω, if for every continuous function ζ : Ω → R such that ζ = 0 on ∂Ω,
We denote this convergence by µ n * ⇀ µ in M(Ω), where M(Ω) is the vector space of (finite) measures in Ω equipped with the norm
Applying Theorem 1.1 we deduce an explicit formula of µ # in terms of µ. Indeed, if we write µ as a sum of nonatomic part µ and an atomic part
where α i ≥ 0 and the points a i are distinct, then
Since µ is a finite measure, there can only be finitely many indices i such that α i > 2π. In particular, the measure µ − µ # is supported in a finite set and for every a ∈ Ω, µ # ({a}) = min {µ({a}), 2π}.
We may recover the result of Brezis, Marcus and Ponce using their notion of reduced measure µ * . By definition, the reduced measure is the unique locally finite measure in Ω such that
in the sense of distributions in Ω, where u * is the largest subsolution of the Dirichlet problem (1.1). The fundamental property of reduced measures [6, Theorem 4.1] asserts that µ * is a (finite) measure in Ω, u * satisfies the Dirichlet problem (1.1) with datum µ * and µ * is the largest good measure less than or equal to µ. According to Vázquez's result such largest good measure is precisely µ # . Therefore,
As an application of the tools we use to prove Theorem 1.1, we investigate what happens to the approximation scheme for the Chern-Simons system
By a result of Lin, Ponce and Yang [11, Theorem 1.1], the system above has a solution for nonnegative measures µ and ν in Ω if and only if for every x ∈ Ω, µ({x}) + ν({x}) ≤ 4π. A first result in this direction consists in identifying the sum of the components of the reduced limit (µ # , ν # ). Theorem 1.2. Let (µ n ) n∈N and (ν n ) n∈N be sequences of nonnegative measures such that for every n ∈ N and x ∈ Ω,
and let (u n , v n ) satisfy the Chern-Simons system
If the sequences (µ n ) n∈N and (ν n ) n∈N converge to µ and ν in the sense of measures in Ω, and if (u n ) n∈N and (v n ) n∈N converge to u and v in L 1 (Ω), then (u, v) satisfies the Chern-Simons system with datum (µ # , ν # ), where
(iii) µ # + ν # is the largest measure less than or equal to µ + ν such that for every x ∈ Ω,
The assumption concerning the convergence of the sequences (u n ) n∈N and (v n ) n∈N in L 1 (Ω) is not restrictive since if the sequences (µ n ) n∈N and (ν n ) n∈N are bounded M(Ω), then both (u n ) n∈N and (v n ) n∈N are compact in L 1 (Ω). This is a consequence of a contraction estimate for Dirichlet problems with an absorption nonlinearity and Stampacchia's linear regularity theory [14, Chapter 3 and Chapter 4; 16, Théorème 9.1].
By Theorem 1.2, the measure µ # + ν # can be expressed only in terms of the measure µ + ν as we did in the case of the scalar Chern-Simons problem. We deduce that the nonatomic parts of µ # and ν # coincide with the nonatomic parts of µ and ν, so we are still left to identify the atomic parts of µ # and ν # .
This raises the following question: are the measures µ # and ν # independent of the choice of sequences (µ n ) n∈N and (ν n ) n∈N converging weakly in measure to µ and ν? Despite of what happens in the scalar case, in general the answer is negative; see Section 5.3.
We have been able to identify two cases where the answer is affirmative.
Under the assumptions of Theorem 1.2,
Without one of these assumptions on the measures µ and ν, the reduced limit (µ # , ν # ) depends on the choice of sequences (µ n ) n∈N and (ν n ) n∈N . The proof is based on Theorem 1.3 and on Cantor's diagonal argument. A sketch of the argument is presented in Section 5.3 below.
Proof of Theorem 1.1
By a standard property of elliptic equations with absorption term [14, Chapter 7] , for every n ∈ N,
Thus, by the triangle inequality,
Since the sequence (µ n ) n∈N is bounded in M(Ω), the sequence (∆u n ) n∈N is also bounded in M(Ω). From Stampacchia's linear regularity theory [14, Chapter 3; 16, Théorème 9.1], the sequence (u n ) n∈N is bounded in W 1,q (Ω) for every 1 ≤ q < 2. By the Rellich-Kondrachov compactness theorem, there exists a subsequence (u n k ) k∈N converging to some function u in L 1 (Ω) and a.e. in Ω. By (2.2), the sequence (e un (e un − 1)) n∈N is bounded in L 1 (Ω). Passing to a further subsequence if necessary, we may assume that there exists a finite measure τ in Ω such that
Thus, u satisfies the scalar Chern-Simons problem −∆u + e u (e u − 1) = µ − τ in Ω,
Consider the set A = x ∈ Ω : µ({x}) ≥ 2π . Since µ is a finite measure, the set A is finite. We first prove that τ is supported in A.
For this purpose, let N (µ n ) be the Newtonian potential generated by µ n ,
where d ≥ diam Ω. Given b ∈ Ω and r > 0, we first write the Newtonian potential of µ n as
Assume for the moment that there exist ǫ > 0 and m ∈ N such that for every n ≥ m,
By the Brezis-Merle inequality [7, Theorem 1; 14, Lemma 8.2], there exist p > 1 and C 1 > 0 such that for every n ≥ m,
Since the functions N (µ n ⌊ Ω\Br(b) ) are harmonic in B r (b) and have a uniformly bounded L 1 norm in B r (b), the sequence N (µ n ⌊ Ω\Br(b) ) n∈N is uniformly bounded in B r/2 (b). We conclude that there exists C 2 > 0 such that for every n ≥ m,
Note that if b ∈ Ω \ A, then there exist ǫ > 0 and r > 0 satisfying (2.3). Indeed, let ǫ > 0 and R > 0 such that
Then, by weak convergence of the sequence (µ n ) n∈N [10, Section 1.9], property (2.3) holds for every 0 < r < R and for every 0 < ǫ < ǫ.
Let U n be the solution of the linear Dirichlet problem
By the comparison estimate between the solution U n of the linear Dirichlet problem (2.5) and the solution u n of the nonlinear Dirichlet problem [14, Chapter 7] , for every n ∈ N we have
By the weak maximum principle [14,
It follows from (2.4) that the sequence (e un (e un −1)) n∈N is uniformly bounded in L p (B r/2 (b)). Since u n k → u a.e. in B r/2 (b), by Egorov's theorem we get
We deduce that τ = 0 in B r/2 (b). Since b ∈ Ω \ A is arbitrary, we conclude that τ is supported in A.
If the set A is empty, the conclusion of the theorem follows with µ # = µ. We may assume that A is nonempty. Recalling that A is a finite set, we may write A = {x 1 , . . . , x l }, where the points x i ∈ Ω are distinct.
Given i ∈ {1, . . . , l}, let r > 0 be such that
let v k be a function satisfying the scalar Chern-Simons problem Computing in particular both measure in the set {x i }, we get
where
Taking the supremum over α, we deduce that
On the other hand, by Vázquez's nonexistence result [1, Section 5; 17, Section 5], we also have µ # ({x i }) ≤ 2π. We conclude that
and for every i ∈ {1, . . . , l},
In particular, the measure µ # does not depend on the subsequence (u n k ) k∈N . Since the solution of the Chern-Simons problem is unique for nonnegative datum, we deduce that the entire sequence (u n ) n∈N converges to u in L 1 (Ω). The proof of the theorem is complete.
Proof of Theorem 1.2
We first show that µ # ≤ µ.
Recall u n ∈ W 1,1 0 (Ω) and that for every ϕ ∈ C ∞ c (Ω),
The nonlinear term in the equation verified by u n satisfies the sign condition: for every t ∈ R, e vn (e t − 1) sign t ≥ 0.
From the comparison estimate [14, Corollary 7.9], µ n ≥ 0 implies that u n ≥ 0. Since the sequence (u n ) n∈N and (v n ) n∈N converge to u and v in L 1 (Ω), if the test function satisfies ϕ ≥ 0, then by Fatou's lemma,
n→∞ Ω e vn (e un − 1)ϕ.
As we let n tend to infinity in (3), we get
Since this property holds for every ϕ ∈ C ∞ c (Ω) such that ϕ ≥ 0, we deduce that µ # ≤ µ.
We now show that
This property is proved in [12, Theorem 1.3] in the case of semilinear equations with nonlinearities without dependence on the domain variable. We explain below the main steps of the argument in our case.
Given an increasing sequence of nonnegative integers (n k ) k∈N , write 
for some constant C > 0 independent of k. In particular, the W 1,2 capacity of the set Ω \ A k converges to zero as k tends to infinity. Therefore, e vn k (e un k − 1)χ Ω\A k n∈N is a concentrating sequence with respect to the We have proved that 0 ≤ µ # ≤ µ. Reverting the roles of u and v, we obtain 0 ≤ ν # ≤ ν.
It remains to establish Assertion (iii). For this purpose, let τ 1 and τ 2 be finite measures such that
Thus, (u, v) solves the Chern-Simons problem
Proceeding as in the previous proof, we can apply the Brezis-Merle inequality and comparison estimates to show that τ 1 and τ 2 are supported in the finite set
Assuming that B is nonempty, we may write B = {y 1 , . . . , y l } where the points y i ∈ Ω are distinct. Given i ∈ {1, . . . , l}, let r > 0 be such that B r (y i ) ∩ B = {y i }. Adding the equations satisfied by u n and v n , we have
Note that for every
there exists w n satisfying the equation
The existence of w n follows from [14, Chapter 8; 17, Theorem 2]; alternatively, one may apply the method of sub and supersolution [13, Corollary 5.4; 14, Chapter 6] with subsolution 0 and supersolution u n + v n . In particular,
By a variant of Theorem 1.1 with nonlinearity e t (e t −1) replaced by e t −1, the sequence (w n ) n∈N converges in L 1 (B r (y i )) to the solution of −∆w + 2(e w − 1) = α(µ + ν) − 2 in B r (y i ),
In particular, w ≤ u + v in B r (y i ). By the Inverse maximum principle [9, Theorem 3; 14, Chapter 5], we deduce that
Taking the supremum over α, we conclude that
Since the reverse inequality holds, equality follows for every i ∈ {1, . . . , l}.
The proof of the theorem is complete.
Proof of Theorem 1.3
If µ({a}) + ν({a}) ≤ 4π, then by Theorem 1.2,
Since µ # ≤ µ and ν # ≤ ν, we deduce that
We now assume that µ({a}) + ν({a}) > 4π. In this case, by Theorem 1.2,
Recall that 0 ≤ µ # ≤ µ. Thus, if µ({a}) = 0, then µ # ({a}) = 0, whence ν # ({a}) = 4π by the above identity. Similarly, if ν({a}) = 0, then ν # ({a}) = 0 and µ # ({a}) = 4π. This concludes the proof of Assertion (i).
In order to complete the proof of Assertion (ii), we assume that in addition to (4.7), we have (4.8) µ({a}) ≤ 4π and ν({a}) ≤ 4π.
Using the notation of the proof of Theorem 1.2, we show that
In particular, u n is a subsolution of the Dirichlet problem with datum λ = µ n . Since ν n ≥ 0 and for every x ∈ Ω, µ n ({x}) + ν n ({x}) ≤ 4π, we have for every x ∈ Ω, µ n ({x}) ≤ 4π. By Vázquez existence result [14, Chapter 8; 17, Theorem 2], there exists u n satisfying the Dirichlet problem above with datum λ = µ n . By a comparison principle between the subsolution and the solution of the Dirichlet problem [14, Chapter 5], u n ≤ u n in Ω.
It follows from a variant of Theorem 1.1 with nonlinearity e t (e t − 1) replaced by e t −1 that the sequence (u n ) n∈N converges in L 1 (Ω) to the function u satisfying the Dirichlet problem (4.9) with datum λ =μ, whereμ is the largest measure less than or equal to µ such that for every x ∈ Ω, µ({x}) ≤ 4π.
In particular, since µ({a}) ≤ 4π, we havẽ µ({a}) = µ({a}).
We also observe that the measure µ −μ is supported in a finite set, thus there exists r 1 > 0 such thatμ
Hence,
Similarly, if v n denotes the solution of the Dirichlet problem (4.9) with datum λ = ν n , then v n ≤ v n in Ω and the sequence (v n ) n∈N converges to the solution of the Dirichlet problem (4.9) with datum λ =ν where the measureν satisfiesν({a}) = ν({a}) and ν −ν is supported in a finite set. In particular, there exists r 2 > 0 such that
On the other hand, writing e un − e vn = −e un (e vn − 1) + e vn (e un − 1), it follows from (3.6) that
We observe that for every n ∈ N, −e v n ≤ e un − e vn ≤ e u n in Ω.
As we let n tend to infinity, we deduce from (4.10) and (4.11) that for every 0 < r ≤ min {r 1 , r 2 },
Since the measure τ 1 − τ 2 is supported in a finite set -in particular is singular with respect to the Lebesgue measure -we conclude that τ 1 = τ 2 .
Let τ = τ 1 = τ 2 . By Theorem 1.2, we have
Thus,
from which the conclusion follows.
Concluding remarks
5.1. Connection to reduced limits. We have restricted ourselves to solutions of the Dirichlet problem, but we could also ask what happens to nonnegative solutions of the scalar Chern-Simons equation
without taking into account the Dirichlet boundary condition. Solutions of the equation depend on the boundary data, but the approximation scheme does not. More precisely, for each n ∈ N take a solution u n of the equation with datum µ n without prescribing any boundary condition. If the sequence (u n ) n∈N converges to a function u in L 1 (Ω) and if the sequence (µ n ) n∈N converges weakly to some measure µ, one shows that u satisfies the scalar Chern-Simons equation with some datum µ # , possibly different from µ. If we now take another sequence of solutions (v n ) n∈N with the same data (µ n ) n∈N converging to another function v in L 1 (Ω), then v satisfies the scalar Chern-Simons equation with the same datum µ # . This remarkable property has been recently discovered by Marcus and Ponce [12] , where they introduce the concept of reduced limit µ # .
Combining Theorem 1.1 with [12, Theorem 1.2], we deduce the following result.
Corollary 5.1. Let (µ n ) n∈N be a nonnegative sequence of measures such that for every n ∈ N and for every x ∈ Ω, µ n ({x}) ≤ 2π and let u n satisfy the scalar Chern-Simons problem −∆u n + e un (e un − 1) = µ n in Ω.
If the sequence (µ n ) n∈N converges to a measure µ in the sense of measures in Ω and if the sequence (u n ) n∈N converges to u in L 1 (Ω), then u is the solution of the scalar Chern-Simons equation with datum µ # defined in Theorem 1.1.
Signed measures.
The sign of the measure µ affects substantially the conclusion. If (µ n ) n∈N is any sequence of nonpositive measures converging weakly in measure to some measure µ, then µ is nonpositive and the sequence of solutions of the Dirichlet problem for the scalar Chern-Simons equation converge to the solution with datum µ. This case is easier since the solutions u n are nonpositive, whence the nonlinear term of exponential type is harmless. The situation is more delicate when the sequence (µ n ) n∈N is not assumed to have a fixed sign. In this case, one can show that given a signed measure µ, positive numbers c 1 , . . . , c m , and points x 1 , . . . , x m ∈ Ω, there exists a sequence (f n ) n∈N in C ∞ c (Ω) such that (a) (f n ) n∈N is bounded in L 1 (Ω), (b) (f n ) n∈N converges to µ in the sense of measures, (c) the solutions u n of the scalar Chern-Simons problem with datum f n converge in L 1 (Ω) to a solution of the scalar Chern-Simons problem
In particular, it is not possible in this case to have an explicit formula of the measure µ # only in terms of µ. We refer to [15, Teorema 4.8] for the proof.
5.3. Nonuniqueness of the reduced limit of the Chern-Simons system. The reduced limit (µ # , ν # ) of the Chern-Simons system cannot be computed only in terms of the weak * limit (µ, ν) when both conditions (a) µ({x}) = 0 or ν({x}) = 0, (b) µ({x}) ≤ 4π and ν({x}) ≤ 4π, fail for some x ∈ Ω. Proposition 5.2. Let a ∈ Ω. For every α > 4π and for every β > 0, there exist sequences (µ i n ) n∈N and (ν i n ) n∈N of nonnegative functions in L 1 (Ω) with i ∈ {1, 2} such that (i) (µ i n ) n∈N and (ν i n ) n∈N converge weakly to αδ a and βδ a in the sense of measures in Ω, (ii) there exists a sequence of solutions (u i n , v i n ) n∈N of the Chern-Simons system with datum
We shall not prove this proposition. Instead, we restrict ourselves to the case where (αδ a , βδ a ) is given by (5πδ a , 2πδ a ) for some a ∈ Ω in order to emphasize the main idea of the proof.
For this purpose, let (f n ) n∈N be a sequence of nonnegative functions in L 1 (Ω) such that f n * ⇀ δ a in M(Ω). We construct the first sequence (µ 1 n , ν 1 n ) n∈N of the form (5πf mn , 2πf n ) n∈N where (m n ) n∈N is a sequence of positive integers to be chosen below. For fixed n ∈ N, let (u 1 m,n , v 1 m,n ) m∈N be a solution of the Chern-Simons system with datum (5πf m , 2πf n ). Then, as m tends to infinity,
By a standard property of elliptic equations with absorption term [14, Chapter 7] and by Stampacchia's linear regularity theory [14, Chapter 3] , the sequence (
It is then possible to extract a subsequence with respect to the index m if necessary such that for every n ∈ N,
as m tends to infinity. It follows from Theorem 1.3 that (u 1 n , v 1 n ) satisfies the Chern-Simons system with datum (4πδ a , 2πf n ).
Note that (4πδ a , 2πf n ) * ⇀ (4πδ a , 2πδ a ) in M(Ω) × M(Ω).
By compactness of the sequence (u 1 n , v 1 n ) n∈N in L 1 (Ω) × L 1 (Ω), we may extract a subsequence converging to (u 1 , v 1 ). By Theorem 1.3, (u 1 , v 1 ) satisfies the Chern-Simons system with datum (3πδ a , πδ a ).
For every n ∈ N, take m n ∈ N such that
Then, the sequence (u 1 mn,n , v 1 mn,n ) m∈N converges to (u 1 , v 1 ) in L 1 (Ω) × L 1 (Ω). We have found a sequence of solutions of the Chern-Simons system with datum (5πf mn , 2πf n ) n∈N converging to the solution with datum (3πδ a , πδ a ) .
We construct the second sequence (µ 2 n , ν 2 n ) n∈N of the form (4πf mn + πf n , 2πf mn ) n∈N , where (m n ) n∈N is a sequence of positive integers, possibly different from the previous one. For fixed n ∈ N, let (u 2 m,n , v 2 m,n ) m∈N be a solution of the Chern-Simons system with datum (4πf m + πf n , 2πf m ). Then, as m tends to infinity, It follows from Theorem 1.3 that (u 2 n , v 2 n ) satisfies the Chern-Simons system with datum (3πδ a + πf n , πδ a ).
Note that (3πδ a + πf n , πδ a ) * ⇀ (4πδ a , πδ a ) in M(Ω) × M(Ω).
By compactness of the sequence (u 2 n , v 2 n ) n∈N in L 1 (Ω) × L 1 (Ω), we may extract a subsequence converging to (u 2 , v 2 ). By Theorem 1.3, (u 2 , v 2 ) satisfies the Chern-Simons system with datum ( 7π 2 δ a , π 2 δ a ). Proceeding as before, for every n ∈ N we may choose m n ∈ N such that (u 2 mn,n , v 2 mn,n ) m∈N converges to (u 2 , v 2 ) in L 1 (Ω) × L 1 (Ω). Hence, there exists a sequence of solutions of the Chern-Simons system with datum (4πf mn + πf n , 2πf mn ) n∈N converging to the solution with datum 
